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1.1. $\Gamma$ Hilbert , Riemann $SL(m, \mathbb{R})/SO(m)$ Bruhat-Tits
$PGL(m, \mathbb{Q}_{\mathrm{r}})/PGL(m, \mathbb{Z}_{r})$ ($m$ , H )
, $n$ $\rho:\Gammaarrow GL(n, \mathbb{C})$
$\rho(\Gamma)$ .
, Hadamard (\S 2 )





, , Hilbert , –
( Hadamard )
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$X$ , $X$
. , [4] ,
$X$ , ( $\mathrm{Y}$ )
$\Gamma$ Hadamard $Y$ ( 36, 3.9)










$(\mathrm{Y}, d)$ . $c:[0, l]arrow \mathrm{Y}$ , $d(c(t), c(t))=$
$|t-t’|$ $[0, l]$ $\mathrm{Y}$ . , $Y$ 2
$p,$ $q$ , $P$ $q$ , ( $\mathrm{Y}$, . $\mathrm{Y}$
3 $p_{1)}p_{2},$ $p_{3}$ ,
, $\Delta(p_{1},p_{2},p_{3})$ . $\mathrm{Y}$ $\Delta(p_{1},p_{2},p_{3})$ , $.\Delta(p_{1},p_{2},p_{3})$
$\mathbb{R}^{2}$
$\Delta(\overline{p_{1}},\overline{p_{2}},\overline{p_{3}})$ $\Delta(p_{1},p_{2},p_{3})$ . $q$
$\Delta(p_{1},p_{2},p_{3})$ . $q$ $p_{i}p_{j}$ , $q$ -q
$\Delta(\overline{p_{1}},\overline{p_{2}},\overline{p_{3}})$ $\overline{p_{i}p_{j}}$ $d(p_{i}, q)=d(\overline{p_{i}},\overline{q}),$ $d(p_{j}, q),=d(\overline{p_{j}},\overline{q})$
. $(\mathrm{Y}, d)$ $\triangle(p_{1},p_{2},p_{3})$ CAT(0)
, $\Delta(p_{1},p_{2},p_{3})$ 2 $q_{1},$ $q_{2}$ , $d(q_{1}, q_{2})\leq d(\overline{q_{1}},\overline{q_{2}})$
. , $\overline{q_{1}},$ $\overline{q_{2}}$ $q_{1},$ $q_{2}$ .







./’ $\backslash \backslash \backslash$
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$d_{\mathrm{Y}}(q_{1},q_{2})\leq d_{\mathrm{R}^{2}}(\overline{q_{1}},\overline{q_{2}})$
, CAT(0) $(\mathrm{Y}, d)$ 2 – , $\mathrm{Y}$
. , CAT(0) Hadamard
. Riemann Hadamard
. , Riemann $(\mathrm{Y}, g)$ CAT(0) $(\mathrm{Y}, g)$
. CAT(0) , Riemann (








2. , 1 $Y$ , (1 ) 1 ,
$p,$ $q\in Y$ $P$ $q$ , $\mathrm{Y}$ Hadamard
. 1 , $\mathrm{Y}$
$\mathrm{Y}$ .
3. $r$ , $\mathbb{Q}_{r}$ $r$ , $\mathbb{Z}_{r}$ $r$ . $PGL(n, \mathbb{Q}_{r})$ ,
$PGL(n, \mathbb{Z}_{f})$ , $GL(n, \mathbb{Q}_{\mathrm{r}})$ $GL(n, \mathbb{Z}_{r})$
, , $PGL(n, \mathbb{Z}_{r})$ $PGL(n, \mathbb{Q}_{r})$
. $\mathrm{Y}=PGL(n, \mathbb{Q}_{r})/PGL(n, \mathbb{Z}_{r})$ $\mathbb{R}^{n-1}$
Coxeter . $\mathrm{Y}$ , Coxeter
Euclid Hadamard . $\mathrm{Y}$ Bruhat-Tits
. $n=2$ , $\mathrm{Y}$ (tree) .
, .
2.1. $\mathrm{Y}$ Hadamard .
(1) $c,$ $c’$ $p\in \mathrm{Y}$ . $c$ $d$ $P$ $\angle_{\mathrm{P}}(c,c’)$
$\angle_{p}(c, c’)=\lim_{t,tarrow 0},\angle_{F}(\overline{c(t)},\overline{c’(t’)})$
. , $\angle_{\overline{\mathrm{p}}}(\overline{c(t)},\overline{c’(t’)})$ $\Delta(\overline{p},\overline{c(t)},\overline{d(t’)})\subset \mathbb{R}^{2}$ $\overline{p}\overline{c(t)}$
$\overline{p}\overline{c’(l)}$ .
(2) $P\in \mathrm{Y}$ $\sim$ $c\sim c’\Leftrightarrow\angle_{p}(c, c’)=0$
. , 4 $(S_{p}\mathrm{Y})^{\mathrm{o}}=$ {$p$ } $/\sim$
. p . $((S_{p}Y)^{\mathrm{o}}, \angle_{P})$ $(S_{\mathrm{p}}Y, \angle_{p})$
$P$ (space of directions) .
(3) $TC_{p}\mathrm{Y}$ $S_{p}\mathrm{Y}$
$TC_{p}Y=(S_{\mathrm{p}}\mathrm{Y}\cross \mathbb{R}_{+})/(S_{p}Y\cross\{0\})$
. $W,$ $W’\in TC_{p}\mathrm{Y}$ $W=(V, t),$ $W’=(V’, t’.)$ . ,
$V,$ $V’\in S_{p}\mathrm{Y},$ $t,$ $t’\in \mathbb{R}_{+}$ .
$d_{TC_{\mathrm{p}}Y}(W, W’)^{2}=t^{2}+t^{\prime 2}-2tt’\cos\angle_{p}(V, V’)$
$TC_{p}Y$ $d_{TC_{\mathrm{p}}Y}(\cdot, \cdot)$ . $(TC_{\mathrm{p}}Y, d_{TC_{\mathrm{p}}Y})$ Hadamard
, $P$ $Y$ (tangent cone) . $TC_{p}Y$ (
)
$\langle W, W’\rangle=tt’\cos\angle_{p}(V, V’)$
58
. $W\in TC_{p}Y$ $t$ $|W|$ .
(4) $\pi_{p}$ : $Yarrow TC_{p}Y$ $\pi_{p}(q)=([c], d_{\mathrm{Y}}(p, q))$ . , $c$ $P$ $q$
, $[c]$ $c$ . $\pi_{p}$ .
1. $\mathrm{Y}$ Riemann , (4) $\pi_{p}$
$\exp_{p}$ : $T_{p}Yarrow \mathrm{Y}$ . $\pi_{p}=\exp_{p}^{-1}$
.
2.2. $\mathrm{Y}$ Hadamard . $\mu$ $\mathrm{Y}$
,
$q \mapsto\int_{Y}d_{\mathrm{Y}}(q,p)^{2}d\mu(p)$
bbar(\mu ) – . bar(\mu ) \mu . ,
$\mu$ $p_{i}\in \mathrm{Y}$ Dirac $\delta_{p_{i}}$ – $\mu=\sum_{i=1^{W}}^{m}$:
, $\mu$ bar$(\mu)$ $\{p_{i}|i=1, \ldots, m\}$ $\{w_{i}|i=1, \ldots, m\}$
.
3 Hadamard
$S=\{s_{1}, \cdots, s_{m}, s_{1}^{-1}, \cdots, s_{m}^{-1}\}$ , $s\in S$ $s^{-1}\in S$ $2m$
. $S$ $R=s_{i_{1}}^{\pm 1}\cdots s_{i_{l}}^{\pm 1}$ ,
$l$ . $R$ , $r\mathrm{B}\backslash _{\mathit{8}_{k^{S_{k}^{-1}}}}$
$s_{k}^{-1}s_{k}$ . $R$
. , $P=\langle S,\mathcal{R}\rangle$ , $S$ , $\mathcal{R}$
. $S$ $F_{S}=\langle s_{1}\rangle*\cdots*\langle s_{m}\rangle$ $\mathcal{R}$ ($R$
$F_{S}$ ) Fs/ $\Gamma_{P}$ .
$\mathcal{R}_{3}=\{R_{1}, \ldots, R_{n}\}\subset R$ $\mathcal{R}$ 3 . $S$
, $\mathcal{R}_{3}$ . , $\overline{\mathcal{R}_{3}}$ $\mathcal{R}$ 3
($\underline{s_{a}}s_{b}s_{\text{ }}\in \mathcal{R}_{3}$ 1 $s_{b}^{-1}s_{a}^{-1}$ ) .
, $\#\mathcal{R}_{3}=6(\#\mathcal{R}_{3})$ .
$P=\langle S, \mathcal{R}\rangle$ . $s\in S$ $\Gamma_{P}$ . , , $\Gamma_{P}$
$\Gamma_{P}$ , $\Gamma_{P}$ .
$\Gamma_{P}\cross\cdots\cross\Gamma_{P}$ $\Gamma_{P}$ . $m_{2}$ : $\Gamma_{P}\cross\Gamma_{P}\cross\Gamma_{P}arrow \mathbb{R}$
$m_{2}(\gamma_{0}, \gamma_{1},\gamma_{2})=\#\{R=s_{a}s_{b}s_{c}\in\overline{\mathcal{R}_{3}}|\gamma_{1}=\gamma_{0}\overline{s_{a}}, \gamma_{2}=\gamma_{1}\overline{s_{b}}, \gamma_{0}=\gamma_{2}\overline{s_{c}}\}$
. , $m_{2}$ $\Gamma_{P}$ $\Gamma_{P}\cross\Gamma_{P}\cross\Gamma_{P}$ .
, $\mathcal{R}_{3}$ , $(\gamma_{0}, \gamma_{1})\in\Gamma_{P}\cross\Gamma_{P}$ $\gamma\mapsto m_{2}(\gamma 0, \gamma_{1}, \gamma)$
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. , $m_{1}$ : $\Gamma_{P}\cross\Gamma_{P}arrow \mathbb{R},$ $m_{0}$ : $\Gamma_{P}arrow \mathbb{R}$
$m_{1}( \gamma_{0}, \gamma_{1})=\sum_{\gamma\in\Gamma_{P}}m_{2}(\gamma_{0}, \gamma_{1}, \gamma)$
,
$m_{0}( \gamma_{0})=\sum_{\gamma\in\Gamma_{P}}m_{1}(\gamma_{0}, \gamma)$
. $m_{1}$ , $m_{0},$ $m_{1}$ $\Gamma_{P}$
. $m_{i}(i=0,1,2)$ $\Gamma_{P}$ . ,
$m_{i}$
$i$ .
3.1. $m$ $\Gamma_{P}$ .
(1) $\varphi$ : $\Gamma_{P}\cross\Gamma_{P}arrow \mathbb{R}$ ,
$\sum_{\gamma,\gamma\in\Gamma_{P}},m(e,\gamma, \gamma’)\varphi(\gamma, \gamma’)=\sum_{R=\epsilon_{a}s_{b}s_{\epsilon}\in\overline{\mathcal{R}_{3}}}\varphi(\overline{s_{a}},\overline{s_{c}})1$
.
(2) $\psi$ : $\Gamma_{P}arrow \mathbb{R}$ ,
$\sum_{\gamma\in\Gamma_{P}}m(e, \gamma)\psi(\gamma)=$ $\sum_{R=s_{\text{ }}\epsilon_{b^{\mathit{8}_{\text{ }}\in \text{ }}}}\psi(\overline{s_{a}})$
.
$\mathrm{Y}$ Hadamard , Isom$(Y)$ $\mathrm{Y}$ . \rho : $\Gamma_{P}arrow$ Isom(Y)
, $\rho$ $f$ : $\Gamma_{P}arrow Y$ , , $\gamma,$ $\gamma’\in\Gamma_{P}$ $f(\gamma’\gamma)=$
$\rho(\gamma’)f(\gamma)$ . $\rho$ $f$ $\gamma\in\Gamma_{P}$ $F_{\gamma}$ : $\Gamma_{P}arrow TC_{f(\gamma)}\mathrm{Y}$
$F_{\gamma}(\gamma’)=\pi_{f(\gamma)}(f(\gamma^{j}))$
. , $\pi_{f(\gamma)}$ : $Yarrow TC_{f(\gamma)}\mathrm{Y}$ 2.1(4)
.




(2) $\{F_{\gamma}(\gamma’)|\gamma’\in\Gamma_{P}\}$ $\{m(\gamma, \gamma’)/m(\gamma)|\gamma\in\Gamma_{P}\}$ $-\Delta f(\gamma)\in$
$TC_{f(\gamma)}Y$ .




3.3 ( – ). $f$ : $\Gamma_{P}arrow Y$ $\rho$ . $f$ $\rho$
, $V\in TC_{f(e)}Y$ ,
$\sum_{\gamma\in\Gamma_{P}}m(e, \gamma)\langle V, F_{e}(\gamma)\rangle\leq 0$
. , $-\Delta f(e)=0_{f(e\rangle}$ .
3. $\rho$ $f$ : $\Gamma_{P}arrow \mathrm{Y}$ $e\in\Gamma_{P}$ $f(e)$ , $f(e)$
,
$\mathcal{M}_{\rho}=$ {$f’$. $\Gamma_{P}arrow \mathrm{Y}|f$ \rho } $=Y$
. $\mathcal{M}_{\rho}$ $Y$ – , $\mathcal{M}_{\rho}$ Hadamard . $\rho$
$E$ , $\mathcal{M}_{\rho}$ . , Jost
[5], Mayer [7] E .
, Mayer
( ) $|\nabla_{-}E|$ . 33 $|\nabla_{-}E|$
$|\nabla_{-}E|(f)\geq|2(-\Delta f)(e)|$ (3.1)
. (cf. [4, pp. 18-19].)
34. $\rho$ $f$ : $\Gamma_{P}arrow Y$ , .
$0= \sum_{R=\epsilon_{\mathrm{o}}\epsilon_{b}s_{\mathrm{c}}\in\overline{R_{3}}}[d_{TC_{f(e)}Y}(F_{e}(\overline{s_{a}}), F_{e}(\overline{s_{c}}^{-1}))^{2}-|F_{e}(\overline{s_{a}})|^{2}]$
$+ \sum_{R=s_{\mathrm{Q}}s_{b}s_{\mathrm{c}}\in\overline{\mathcal{R}_{S}}}[d_{\mathrm{Y}}(f(\overline{s_{a}}), f(\overline{s_{\text{ }}^{}-1}))^{2}-d_{TC_{f(e\rangle}Y(F_{e}(\overline{s_{a}}),F_{e}(\mathrm{F}_{\text{ }^{}-1}))^{2}]}$
,
$m(e)|-\Delta f(e)|^{2}$




$f(\overline{s_{c}}^{-1}))^{2}-d_{TC_{f(e)}Y}(F_{e}(\overline{s_{a}}), F_{e}(\overline{s_{\text{ }}^{}-1}.))^{2}]$ .
4. (3.2) 2 $[]$ , $\pi_{e}$ : $\mathrm{Y}arrow TC_{e}Y$
, $F_{e}(\overline{s_{a}})=\pi_{e}(f(\overline{s_{a}}))$ , .
, $P$ $\lambda_{1}(P, TC_{p}\mathrm{Y})$
$\lambda_{1}(P,TC_{p}Y)=\inf_{\varphi}\{\frac{\frac{1}{2}\sum_{R=s_{a}\epsilon_{b}\epsilon_{\mathrm{c}}\in\overline{\mathcal{R}_{3}}}d_{TC_{\mathrm{p}}Y}(\varphi(\overline{s_{a}}),\varphi(\overline{s_{c}}^{-1})))^{2}}{\sum_{R=\epsilon_{a}\epsilon_{b}\epsilon_{\mathrm{c}}\in\overline{\mathcal{R}_{3}}}d_{TC_{\mathrm{p}}Y}(\overline{\varphi},\varphi(\overline{s_{a}}))^{2}}\}$
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(cf. [8]). , $\overline{\varphi}$ $\{\varphi(\gamma)|\gamma\in\Gamma_{P}\}$ $\{m(e, \gamma)/m(e)|\gamma\in\Gamma_{P}\}$





. $P=\langle S, \mathcal{R}\rangle$ , $L(P)$ :
$\{$
{$L(P)$ } $=S$
$\{L(P)\emptyset^{\backslash }\Phi\}=$ { $(s_{a}^{-1},$ $s_{b}),$ $(s_{b}^{-1},$ $s_{\text{ }}),$ $(s$ 1, $s_{a})|s_{a}s_{b}s_{c}\in \mathcal{R}_{3}$ }.
$TC_{\mathrm{p}}Y\cong \mathbb{R}$ , (3.3) $L(P)$ Rayleigh , $\lambda_{1}(P,\mathbb{R})$
L(P) – – . $\text{ },$ $\lambda_{1}(P, TC_{p}Y)$
( )Hadamard $TC_{p}\mathrm{Y}$
.
(3.2) 1 $\lambda_{1}(P, TC_{p}\mathrm{Y})$
. (3.2) $\lambda_{1}(P, TC_{p}Y)$ $E:\mathcal{M}_{\rho}arrow \mathbb{R}$
:
35. $C>1/2$ , $P\in Y$ $\lambda_{1}(P, TC_{p}\mathrm{Y})\geq C$
, $C_{\mathit{0}}$ , $\rho$ : $\Gammaarrow \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(Y)$ $\rho$
$f$ : $\Gamma_{P}arrow \mathrm{Y}$
$|-\Delta f(e)|^{2}\geq C_{0}E(f)$
.
(3.1) , $E$ $|\nabla_{-}E|$
. , E
. , $E(f_{\mathit{0}})=0$ ,
. $\rho$ , $f\mathrm{o}(\Gamma_{P})$ $\rho(\Gamma_{P})$
. , :
3.6. $\Gamma_{P}$ $P$ , $\mathrm{Y}$ Hadamard .
$C>1/2$ , $p\in Y$ $\lambda_{1}(P, TC_{p}\mathrm{Y})\geq C$ ,
$\rho:\Gamma_{P}arrow \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(Y)$ $\rho(\Gamma_{P})$ $\mathrm{Y}$ .
$\Gamma_{P},$ $Y$ $\lambda_{1}(P, TC_{p}Y)$
. $TC_{\mathrm{p}}\mathrm{Y}=\mathbb{R}$ , .
, $TC_{p}\mathrm{Y}$ , $\lambda_{1}(P, TC_{p}\mathrm{Y})$
. , $Y$ $\delta(Y)$ $\mu_{1}(P)=\lambda_{1}(P, \mathbb{R})$
$\lambda_{1}(P,TC_{p}Y)$ ( 38) .
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3.7. $Y$ Hadamard , $\mu$ $Y$ . , $\mathcal{H}$
Hilbert , $\varphi:\mathrm{Y}arrow \mathcal{H}$ , $|\varphi(p)|=d_{Y}(\mathrm{b}\mathrm{a}\mathrm{r}(\mu),p)$
. , $\delta(Y)$
$\delta(\mathrm{Y})=\sup_{\mu}\inf_{\varphi}\frac{|\int_{Y}\varphi d\mu|^{2}}{\int_{Y}|\varphi|^{2}d\mu}$
. , $\sup$ , inf , $\mu,$ $\varphi$ .
4. $Y$ Rienann , Hilbert $\delta(Y)=0$.
5. $Y$ $\delta(Y)=0$ .





, $\delta(Y)$ $\mathrm{Y}$ Hilbert
. $\delta(Y)$ , $\lambda_{1}(P, TC_{p}Y)$
.
3.8 (cf. [4, Proposition 5.3]). $Y$ Hadamard . $p\in Y$
$(1-\delta(\mathrm{Y}))\mu_{1}(P)\leq\lambda_{1}(P, TC_{p}Y)\leq\mu_{1}(P)$
.
36 38 , [6, 33] :
3.9. $\Gamma_{P}$ $P$ , $Y$ Hadamard $\mu_{1}(P)>$
$1/2(1-\delta(\mathrm{Y}))$ , $\rho:\Gamma_{P}\nuarrow \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(Y)$ ,
$\rho(\Gamma_{P})$ $Y$ .
39 , [6] , Hadamard
.
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